Several problems in magnetically confined fusion, such as the computation of exterior vacuum fields or the decomposition of the total magnetic field into separate contributions from the plasma and the external sources, are best formulated in terms of integral equation expressions. Based on Biot-Savart-like formulae, these integrals contain singular integrands. The regularization method commonly used to address the computation of various singular surface integrals along general toroidal surfaces is low-order accurate, and therefore requires a dense computational mesh in order to obtain sufficient accuracy. In this work, we present a fast, high-order quadrature scheme for the efficient computation of these integrals. Several numerical examples are provided demonstrating the computational efficiency and the high-order accurate convergence. A corresponding code for use in the community has been publicly released
Introduction
Many magnetostatic calculations arising in magnetically confined fusion applications can be efficiently expressed in terms of integral equations [2, 3, 10, 14, 24, 27, 30, 32, 34, 35, 37] . A standard example is the solution of the Neumann boundary value problem corresponding to normal data on the magnetic field for Laplace's equation in the interior or exterior of a toroidal region [10, 14-17, 29, 32, 33, 35, 37] . In this case, the resulting integral equation for the vacuum field is obtained by a direct application of Green's theorem. Another common application of integral equations in this regime is the virtual casing principle [19, 42] used to compute a decomposition of the magnetic field into one field due to the plasma and another field due to external sources (e.g. coils) [13, 29, 37] .
A well-known difficulty with integral formulations is that they often involve integrals with singular kernels. Computing such integrals can be challenging, both in terms of accuracy and in terms of computational cost. The two challenges are intertwined, since achieving high accuracy can require the use of computationally costly quadrature schemes as well as fine meshes to properly resolve the singularity. Several techniques have been proposed which address these challenges for toroidally axisymmetric boundaries [11, 20, 36] . However, these advanced techniques do not apply to non-axisymmetric boundaries, such as stellarator flux surfaces. In such situations, the standard approach (at least in magnetic fusion codes) is to remove the singular contribution in the integrand via clever addition and subtraction of a known function with (to leading order) the appropriate singular behavior which can be integrated analytically. The regularized non-singular component is then computed via the trapezoidal rule along the doubly periodic non-axisymmetric surface [13, 29, 35] . This scheme achieves the goal of removing numerical issues due to the singular behavior of the kernel, but it is low-order accurate and thus generally obtains low precision and converges slowly. The reason for this is the following: on periodic domains, the trapezoidal rule is only a high-order quadrature scheme for functions which are analytic [46] , or at least quite smooth. The function resulting from the singularity subtraction, which is integrated with the trapezoidal rule, is well defined everywhere but not smooth as it has singularities in its low-order derivatives. This leads to slow convergence of the trapezoidal rule. As a result of this slow convergence, obtaining reasonable accuracy required for design and optimization purposes requires a large number of quadrature nodes, in fact larger than what is usually chosen for tractable computations. This places a strong limitation on several solvers commonly used in the stellarator community and which rely on this technique, such as NESTOR [35] , which is used in combination with fixed-boundary stellarator equilibrium codes for the computation of free-boundary equilibria [24, 44] , as well as both NESCOIL [34] and REGCOIL [28] .
While there exist several alternative quadrature rules based on adaptive meshing and integration [4, 5] and analytic expansions/regularization [26, 38, 39, 47] , the geometries encountered in magnetic fusion are most often doubly-periodic (e.g. flux surface in stellarators) and therefore we wish to take advantage of the natural global parameterization of these domains. In this article, we present a versatile, robust, and high-order accurate numerical method for computing integrals with singular Green's functions (i.e. layer potentials) along general doubly-periodic toroidal surfaces. Our method is also based on singularity subtraction, but in contrast with the method described above, we use a combination of a partition of unity and singularity cancellation (via change of variables). The partition of unity guarantees the smoothness of the resulting non-singular integral which is computed using the trapezoidal rule; high-order accurate results are easily obtained. Then, unlike the standard approach, the remaining non-smooth integral cannot be evaluated analytically, but by using a local polar coordinate system centered on the singularity it can be computed to very high-order accuracy. Our scheme converges much faster than the standard singularity subtraction scheme of Merkel [13, 34] , as we demonstrate numerically in this article.
The structure of this article is as follows. In Section 2 we review two applications of magnetostatics commonly encountered in magnetic confinement fusion, which involve the computation of integrals with singular kernels: the separation of the magnetic field into contributions from the plasma current and from external sources with the virtual casing principle, and the computation of vacuum fields with Green's identity. These applications allow us to illustrate our numerical scheme and test it, but we insist that our algorithm is not limited to these situations. In Section 3, we discuss the low-order singularity subtraction quadrature schemes currently used by the magnetic fusion community, and present our highorder singularity subtraction quadrature scheme. Then, in Section 4 we demonstrate the accuracy and speed of our high-order singularity subtraction scheme via various numerical examples. Finally, we summarize our results and point toward future areas of research in Section 5.
Integral equations for magnetostatics in stellarators
The high-order quadrature scheme we present in this article is versatile and can be applied in a wide range of applications. However, for the clarity of the presentation we focus here on the two most common situations in stellarators in which our scheme may be used: (1) the separation of the magnetic field into contributions from the plasma current and from external sources (as needed, for example, in coil design problems [28, 34] ), which we describe in Section 2.1, and (2) with knowledge of the geometry of the plasma boundary, the computation of vacuum magnetic fields [24, 35] , which we describe in Section 2.2.
Calculating normal magnetic fields along a flux surface
Let us denote by Ω a toroidal region with smooth boundary Γ. After solving fixed-boundary magnetohydrodynamic (MHD) equilibrium problems, one has obtained the total magnetic field B inside Ω. Along Γ, the outermost flux surface, the equilibrium field is such that B · n = 0, where n is the outward unit normal vector along the boundary. In general, the total magnetic field B is the superposition of two pieces: one component is B plasma , the magnetic field due to the plasma current, and the other component is B ext , the magnetic field due to the external coils. In the plasma B = B plasma + B ext , and along the boundary Γ we have that B ext · n = −B plasma · n due to the vanishing normal component of B. In several applications, such as coil design and the computation of the magnetic field in the vacuum region outside the plasma, one is interested in the normal component of B ext along the plasma boundary. To this end, using the the Biot-Savart law we have that
where J is the current density in the plasma. Eq. (2.1) holds for any point r in Ω or on Γ.
In particular, the above expression can be used to compute B ext · n = −B plasma · n on the plasma boundary Γ. However, there are two main computational roadblocks when evaluating the above formula. First, because it is a convolution, its numerical evaluation is a global calculation and therefore typically slow. A much more efficient strategy is to rely on the virtual casing principle [19, 42] to rewrite this volume integral as a surface integral. Using a Green's-like identity for the magnetic field, the normal component of the magnetic field due to the plasma can be expressed as:
where r is an observation point on Γ. The second computational roadblock, which applies to both the volume formulation in Eq. (2.1) and the surface formulation given by Eq. (2.2), is that the integrand is singular when the point r is the same as the observation point r. This difficulty is precisely the one we address in this article. Some numerical codes choose to evaluate the quantity in Eq.(2.2) in two steps [13] . First, the vector potential A plasma is computed by evaluating:
Then, subsequent Fourier differentiation is used to compute the tangential derivatives of the tangential components of A plasma , from which B plasma · n can be calculated. Similarly, Eq. (2.3) also involves a singular integrand when the evaluation point r is the same as the observation point r. The kernel appearing in Eq. (2.3) is the kernel appearing in Laplace single-layer potentials, while the kernel appearing in Eq. (2.2) is closely related to the kernel for double-layer potentials [18] . The method we propose in this article applies to computing the integrals in both Eq. (2.2) and Eq. (2.3).
Computing vacuum magnetic fields
Consider a magnetic field B 0 satisfying
in R 3 = Ω∪Ω c , where as before Ω is the plasma domain, Ω c is the exterior of Ω, and J tot is the total current density (both in the plasma and in Ω c , i.e. in coils exterior to the plasma). Along a general boundary Γ = ∂Ω, the normal component of B 0 may be not be zero. Additionally, however, we can assume there exists a vacuum field B vac in Ω c (due to sources in Ω) with zero poloidal circulation, such that the total field B tot = B 0 + B vac satisfies the following equations
Furthermore, due to the zero poloidal circulation assumption, the field B vac can be uniquely written as B vac = ∇Φ, where Φ is a single-valued potential which satisfies the following exterior Laplace equation with Neumann boundary conditions [24, 35] :
As discussed in the introduction, this boundary value problem can be rewritten in integral form via a direct application of Green's identity. The potential Φ can be shown to satisfy the following equation along Γ:
With the Neumann boundary condition given in (2.6), the right-hand side of Eq.(2.7) can be evaluated directly so that (2.7) is an integral equation for Φ on Γ. Furthermore, once Φ has been computed on Γ, it can be evaluated anywhere in Ω c \ Γ using virtually the same Green's identity [35] , except evaluated off-surface:
Free boundary MHD equilibrium computations often rely on the formulation we just presented [24] . A nearly identical integral equation approach can also be used for the computation of interior vacuum fields [35] . We observe that as in the previous subsection, numerical schemes based on such integral equation formulations need to accurately and efficiently treat the singular integrands appearing in the integrals. Here, two singular kernels must be addressed: the singularity of the single-layer potential type, with 1/|r−r | as the singular kernel, and a singularity of the double-layer type, i.e. the normal derivative of 1/|r − r | along the surface.
At this point, we emphasize that the singularity subtraction scheme currently used in the magnetic fusion community and the new high-order singularity subtraction scheme we present in this article only apply to on-surface evaluations, as needed in Eq.(2.7). To the best of our knowledge, methods for off-surface evaluations, as required in Eq.(2.8), have not been proposed in the magnetic fusion community. In fact, designing efficient and accurate numerical methods for off-surface evaluations near arbitrary surfaces in three dimensions remains an open problem in applied mathematics, although the pioneering work of [1, 8, 9, 12, 26, 39, 43, 45, [47] [48] [49] must be highlighted. Fortunately, for many applications, including free-boundary MHD equilibrium calculations, the vacuum magnetic field is only needed on the magnetic surface, so that only Eq.(2.7) needs to be solved. We will focus on on-surface evaluations in this article.
3 Quadrature for surface integrals
Singularity subtraction
In this section, we review the method originally proposed by Merkel to address the challenges associated with the singularity appearing in the integrands of the integral formulations presented above. This scheme is a workhorse of several currently widely used MHD codes [13, 24, 35] . The following presentation is brief since it has already been discussed in detail by Merkel [35] , by Lazanja [29] , and by Drevlak et al. [13] .
In the simplest case of the layer potentials of the previous section, one must numerically compute an integral of the form:
where σ is some smooth function defined over the doubly-periodic surface Γ. If the surface Γ is parameterized by the variables u, v, i.e. if Γ : [0, 2π) × [0, 2π) → R 3 , then for targets r = r(u, v) ∈ Γ, the above integral can be written:
where g is the metric tensor along Γ and in a small abuse of notation, r denotes the parameterization of Γ. Take note that the above integral is not exactly a convolution in the u, v variables, as it is an integral along a curved surface. Taylor expanding r about the point (u, v) we have that
where
Therefore, to leading order
Next, adding and subtracting we have that
In this form, the singularity has been subtracted from the integrand in the first integral, which can therefore be computed using the trapezoidal rule. The expected order of convergence of the trapezoidal rule for this integral is only 2nd-order, however, despite the doubly periodic nature of the integrand. Indeed, while the leading order singularity has been subtracted, singularities remain in the derivatives of the integrand and therefore exponential convergence of the trapezoidal rule is not expected, and not observed in practice. As shown in [13] , the second integral above can be analytically integrated in one of the coordinates. The resulting one-dimensional integral still has a singular integrand, which can be treated with the same technique: addition and subtraction of a term with the appropriate singular behavior, and analytic integration of the additional integral introduced. We omit the actual formulas, as they are rather complicated, but refer the reader to [13] for the specific case of Biot-Savart-like kernels.
The brief description we just gave follows the approach of Drevlak et al. quite closely. We chose it as an illustration of the standard singularity subtraction scheme because it captures the central idea of the scheme with the minimal amount of notation and relatively few cumbersome expressions. We note that the original singularity subtraction scheme proposed in [35] is very similar in spirit, and has the same low-order convergence properties, but differs in two ways. First, in [35] the goal is to compute the vacuum magnetic field using a spectral scheme based on Fourier series to solve Eq.(2.7). One therefore needs to compute the Fourier transforms of the integrals in Eq.(2.7), instead of the integrals themselves. Second, to compute these Fourier transforms, the author does not add and subtract the term Figure 1 : The Laplace single-layer kernel function is shown on the left. We use a partition of unity to split it into a C ∞ smooth part (bottom) and a local singular part (top). The convolution with the smooth kernel function is computed using trapezoidal quadrature, leading to exponential convergence. The integral containing the singular part of the kernel is computed in polar coordinates after interpolating from the regular grid to a polar grid using local polynomial interpolation (right). The coordinate transformation cancels the kernel singularity, and trapezoidal quadrature for the angular direction and Gauss-Legendre quadrature for the radial direction then also leads to spectral convergence.
σ(u, v) g(u, v)/R(u, v, u , v
) for the single-layer potential integral but instead a well-chosen expression which has the same singular behavior as that term, and for which he can remarkably compute the Fourier transform analytically. In the convergence tests in Section 4.1, in which we compare our high-order scheme with the low-order singularity subtraction technique, our implementation of the analytic singularity subtraction scheme is based on the approach presented in [35] . We have not implemented the approach by Drevlak et al. [13] but we expect similar performance of that scheme, based on the mathematical reasons we gave previously.
Finally, we observe that we focused on kernels of the form appearing in Laplace singlelayer potentials in this subsection. We did so merely for the simplicity and conciseness of the presentation. Analytic singularity subtraction schemes also exist for kernels of the form of double-layer potentials, as described explicitly and used in [35] . Our convergence tests in Section 4.1 will precisely focus on kernels similar to those appearing in the double-layer potential.
A high-order singularity subtraction scheme
The previous singularity subtraction scheme is relatively simple to implement due to the existence of analytic formulae for the integral of the subtracted part. However, since only the leading order term in the singularity is canceled via addition/subtraction, only low-order convergence is observed, and the actual accuracy obtained is modest at best. In this section, we present a high-order singularity subtraction scheme which addresses these limitations, and can be used to increase the speed and accuracy of the fusion codes which rely on the numerical evaluation of integrals of the forms discussed above; variants of the scheme were originally used in [6, 7, 48] and an improved version was used in [31] as well as for the numerical results in the present article.
To this end we consider the problem of computing singular integrals over a double-periodic surface Γ,
where g, σ, and r are as defined previously in Section 3.1 and K is a singular kernel function such as the single-layer Laplace kernel function (K(r) = 1/4π|r|) or its derivatives. As previously mentioned, such integrals are challenging to evaluate due to the singularity in the kernel function. The high-order singularity cancellation scheme we propose uses a partition of unity to split the singular integral in Eq. (3.7) into an integral with C ∞ integrands (as opposed to only bounded integrands in the case of the low-order scheme discussed Section 3.1) and a local singular integral,
Here, χ can be any smooth function such that χ(x) = 1 in a neighborhood around zero with compact support on [-1,1]. This ensures that K smooth is smooth and
The first integral in Eq. (3.8) has smooth integrands and can be evaluated using trapezoidal quadrature which gives exponential convergence. Unlike the low order scheme, the singular integral is not known analytically; however, it can be computed numerically to high-order accuracy by computing the integral in polar coordinates,
where we have applied the change of variables u = ρ cos θ and v = ρ sin θ. The Jacobian of the coordinate transformation cancels the kernel singularity and the integral can then be computed using trapezoidal quadrature in the angular direction θ ∈ [0, 2π) and GaussLegendre quadrature in the radial direction ρ ∈ [0, η]. The two central steps of our scheme, namely the split of the singular kernel into a smooth kernel and a singular kernel with compact support, and the coordinate transformation and interpolation to a polar grid, are shown in Figure 1 . The details of the complete algorithm and the performance optimizations can be found in [31] .
Numerical results
In this section we present several numerical results demonstrating the high-order accurate convergence of the quadrature scheme presented in Section 3.2. In Section 4.1, we compare the high-order and the low-order quadrature schemes using a simple Green's identity test. In Section 4.2 we show numerical results for computing the normal component of the external field in a non-axisymmetric geometry. Finally, in Section 4.3 we present results for computing vacuum magnetic fields.
Double-layer potential on an arbitrary toroidal surface
As we have seen, from Green's identity, a harmonic function Φ(r) in Ω can be represented by the sum of a single-layer and double-layer potential,
where r is a point on Γ = ∂Ω. For the case Φ = 1 in Ω, this results in the identity,
We numerically evaluate the above layer potentials and plot the error e ∞ versus mesh refinement in Fig. 2 . We show results for two different surface geometries: first for an axisymmetric torus with a circular cross section and second for a non-axisymmetric surface which approximates the shape of the plasma boundary in the W7-X stellarator. In both cases we compare the low-order singularity subtraction scheme of Merkel [35] and the high-order partition of unity based scheme. In the low-order integration scheme with staggering, the evaluation points are at integer points on the surface, and the quadrature nodes are at halfinteger points [13] ; in contrast, in the low-order scheme without staggering, evaluation points and quadrature points are the same. We observe that the low-order scheme converges with a second-order rate of convergence while the high-order scheme has a numerical convergence rate of greater than 10th order. We also note that the W7-X geometry has regions of high curvature and therefore requires finer surface discretizations to achieve the same quadrature accuracy as the axisymmetric geometry; however, the convergence rates in both cases are as expected from the theory.
Normal component of the magnetic field due to external coils on the W7-X plasma surface using the virtual casing principle
We now present results for computing the normal component of the external magnetic field using the numerical schemes based on Eq. (2.2) and Eq. (2.3). In the setup shown in Fig. 3 , we set Γ to be the surface approximating the plasma boundary in the W7-X stellarator and the magnetic field B is a Taylor state with the surface Γ defined as the last closed flux surface. Taylor states are force-free magnetic fields such that ∇ × B = λB, where λ is a known constant called the Beltrami parameter. We construct this field using the method described in [31] . The reference solution B ext · n is constructed by numerically evaluating Eq. (2.2) on a very fine mesh (N u = 406, N v = 2030) and we show convergence to this reference solution in Table 1 . In both formulations, we obtain spectral convergence to nearly 10-digits. The high-order partition of unity based scheme is expected to converge exponentially and has a numerically observed convergence rate of roughly 12th and 10th order respectively for the two problems.
Vacuum field for the W7-X plasma surface and virtual casing principle
Consider the setup shown in Fig. 4 , in which the internal and external currents are given by known current loops γ 1 and γ 2 respectively. The magnetic field B produced by these currents at points r on Γ is given by,
where I 1 and I 2 are the currents in the loops γ 1 and γ 2 respectively. Since the current loops do not intersect the surface Γ, the integrands are smooth and these integrals can be evaluated to high precision using standard quadratures. For our numerical test, we will now assume that we do not know the origin of the magnetic field thus calculated on the surface, and we wish to compute the normal component of the field due to the external loop γ 2 using the virtual casing principle. Comparing our results using the virtual casing principle with the direct calculation using the Biot-Savart law would provide a reliable test of the accuracy of our quadrature scheme. This test would be complementary to the numerical test presented in Section 4.2. However, we cannot directly apply the virtual casing principle discussed in Section 2.1 since it requires that Γ be a flux surface (i.e. B·n = 0 on Γ). This issue can be easily circumvented by constructing a field B tot = B + ∇Φ in Ω c such that B tot · n = 0 on Γ. Physically, this is saying that one way of making Γ a flux surface is to include an additional magnetic field source in Ω. The corresponding potential Φ Figure 3: The plasma boundary Γ in the W7-X stellarator is visualized here along with the magnetic field B for a fixed boundary calculation. The field B is a Taylor state with Beltrami parameter λ = 1 and is generated using the method described in [31] . Convergence results for computing the normal component of the external field for this setup are presented in Table 1 .
can be constructed by solving a second-kind boundary integral equation using GMRES as described in Section 2.2. The numerical test in this section is therefore a combined test of our quadrature scheme for the two applications discussed in Section 2: the virtual casing principle and the calculation of vacuum fields. The normal component data ∇Φ · n = −B · n is known a priori from the construction of Φ, and the tangential components of ∇Φ are computed using Fourier differentiation of Φ on the surface. The virtual casing principle can now be be applied to B tot . We use Eq. (2.2) and Eq. (2.3) to compute B ext · n, where B ext is the field due to the external currents, namely the external current loop γ 2 in this example. We compare this expression with the reference normal component of the field (computed directly via Biot-Savart applied to the external current loop γ 2 ) and report convergence results in Table 2 . We observe spectral convergence as we refine the mesh and reduce the tolerance gmres for the GMRES solve. In addition, N gmres remains reasonably small since we are solving second-kind integral equations.
Finally, we observe that with a generalized version of the virtual casing principle [19] , it is possible to compute all the components of the magnetic field on Γ due to the external current loop γ 2 with only the magnetic field B on Γ given as input. We implemented this more general numerical test as well, in which we compare all the components of B ext , and obtained similar results to the ones reported for the normal component here. We chose to focus on the normal component in this section because it is the most common application in magnetic confinement fusion.
Summary
We have presented a numerical quadrature scheme for the evaluation of integrals with singular kernels appearing in magnetostatic problems for magnetic confinement fusion applications. We demonstrated that our scheme has high-order convergence, and is much more accurate than the schemes currently used in the magnetic fusion community, even for the coarsest meshes. Implementing our algorithm in current magnetic fusion codes based on integral formulations with singular kernels would significantly improve their accuracy for a fixed mesh size; conversely, for a fixed target accuracy, our scheme would allow these codes to use significantly coarser meshes. Although we have not done so for the numerical tests presented γ 1 γ 2 Figure 4 : The boundary Γ along with the internal (γ1) and external (γ1) current loops. The current loops produce a magnetic field B and the magnitude of this field on Γ is shown. Using the methods described in Sections 2.1 and 2.2, given only the magnetic field B on Γ, we can recover the magnetic field on Γ due to the external current loop γ2. In Table 2 , we show convergence results by comparing the external field recovered from B with the field computed directly from integrating over the external current loop γ2.
in this article, our scheme can be coupled with fast multipole methods to obtain optimal asymptotic scaling for sufficiently large-scale problems.
There are two immediate extensions to the work presented in this article. The first is the development of a fast, high-order quadrature scheme for the evaluation of integrals with singular kernels on surfaces with edges, which is needed for situations in which the surface has one or several magnetic separatrices. The second extension is the construction of a fast and high-order quadrature scheme for the evaluation of integrals with singular kernels at points away from the surface but close to it (there is no particular numerical issue for points far away from the surface). Such a scheme would, for example, be necessary if we wanted to evaluate the off-surface vacuum field potential Φ given by (2.8), or to compute the off-surface magnetic field near a bounding surface in the integral equation formulation of the calculation of Taylor states as implemented in BIEST [31] . Both extensions reflect questions which have not yet been addressed in a definitive way by the applied mathematics community [1, 4, 5, 8, 9, 12, 21-23, 25, 26, 39-41, 43, 45, 47-49] . These problems are the subject of ongoing work, with results to be reported in the future.
